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not. That means whether we
3.6  Karnaugh-Map Simplification :
. This is another simplification technique to reduce the BoF)lean- equalion'_

It overcomes all the disadvantages of the algebraic simplification lechmgue_
K-map (short form of Karnaugh map) is a graphical method of simplifying a Boolean equation
K-map is a graphical chart made up of rectangular boxes.
The information contained in a truth table or available in the SOP or POS form can b

represented on a K-map.
The K-map can be used for systematic simplification of Boolean expression.

K-maps can be written for 2. 3. 4 ... upto 6 variables. Bevond that the K-map technique becomes

ed expression Or not.

very cumbersome. 7
K-map is ideally suitable for designing the combinational logic circuits using either a SOP

method or 2 POS method. -,
The K-map is drawn for output Y and the input variables (A. B, C... etc.) are used for making the

entries i the boxes.

3.6.1 K-map Structure :

. The structure of a 2 ippljt (vaniable) Karnaugh is shown in Fig. 3.6.1. This K-map is drawn for
output Y of any two input combinational circuit such as 2 logic gate with inputs A and B. 1<

AB =00 01, 10and 11,

4

L’?‘llﬁw—r-h.m-_...,_m._ P,
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M

36.5 Representation of Standard SOP form on K-map :

.  The logical expression in standard SOP form can be represented with the help of a K-map by
simply entering 1's in the cells (boxes) of the K-ma

the equation.
g The remaining cells (boxes) are filled with zeros

«  Ex 3.6.11llustrates the concept of transferring a standard SOP expression on K-map.

p corresponding to each minterm present in

Ex.36.1: Represent the equation given below on Karnaugh map.
Y=ABC +ABC +ABC + ABC + ABC.
Soln. : The given expression is in the standard SOP form. Each term represents a minterm.
We have to enter 1's in the boxes corresponding to each minterm. as shown in Fig. P. 3.6.1.

~ABC .ABC
BC BC E 2
ANBE. BC BC .BG AN_ 00/ 01 .11 10
Al 1 l 1]o0]o ol #f | o | o
Al 1 I 0 1 1
8 st 7 g 1 14| o e 15
“1"s correspond ] : >
to the minterms in the “~"ABC ABC

given Boolean expression ~--ABC

(c-223) Fig. P. 3.6.1 : Representation of standard SOP on K-map

Ex.36.2: Plot the following Boolean expression on K-map.

Y=ABCD+ABCD+ABCD+ABCD
Soln. : Refer Fig. P. 3.6.2.

~~ABCD ~-ABCD
CcD cD
AB\ €O Cb cbD cb AB\_ 007 01 11.10
I3 3
AB| ° 0 0
AB 1”]01 1,3102 00 10 ; 13 ’
A o1lo | o] o| 14—ABCD
AB 0‘4 o5 o7 13l Jefad 0.
0 ) 111 o= o- 10
AB 11 013 150 14 ABGD - PR 13| 15| 14
B 0 10l 0 |]o o] o
A2 Oa 09 011 10} 8 8] 14 10

“1"¢ correspond to
the minterms In the
given Boolean expression

(c224) Fig. P. 3.6.2 : Representation of canonical SOP on Karnaugh map

3.7 Simplification of Boolean Expressions using K-map :

Simplification of Boolean expressions using K-map is based on combining or grouping the terms
in the adjacent cells (or boxes) of a K-map.

Two cells of a K-map are said to be adjacent if they differ in only one variable as shown in
Fig. 37.1.
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ABC

. , n K_ U
(a) Give map (h) Simplification

Fig. P. 3.7.2
. " 2 on of R Ly -
wﬂzati f SOP Expressions (K Map Simplification) :
. The K-n}ap c?an be used to simplify the logical cxpression (o a level beyond which it cannot be
further simplified

After such a simplification. it will require minimum number of gates with minimum number of
inputs to the gates. Such an expression is called as 4 minimized expression

,  For minimizing the logical expression. follow the procedure given below

pinimization procedure :

‘ Sep 1t “en 1: Prepare the K-map and place 1°s according to (he given truth table or log:cal cxpressuon Fill |
the remaining cells by 0°s.

1 Step: Locate the isolated 1°s i.c. the 1's which cannot be combined with any other 1. Encircle such
1 1's.

| m’* Identify the 1's which can be combined to form a pair in only one way and encircle them
”h Identify the 1°s which can form a quad in only one way and encircle them.

l Step 5: Identify the 1°s which can form an octet in only one way and encircle them.

1su;‘. After identifying the pairs. quads and octets. check if any 1 is yet to be encircled. If yes then ’
l encircle them with each other or with the already encircled 1°s (by means of overlapping).

: J
«  Note that the number of groups should be minimum.

«  Also note that any 1 can be included any number of times without affecting the expression.
Let us solve some examples on this to make the concept clear.

Ex.381: A logical expression in the standard SOP form is as follows
Y=ABC +ABC+ABC +ABC
Minimize it using the K-map technique.
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Pair 1 AR Minimized ‘:I[)'r.—’. i
. 9 "1 'o'
Soln. : x ¢t gt Bc BC [—BC Y= B8 4 3T,
o % ) o Palr 1 pajyn v
X o : 0 o @1 [ I 2 Tsotayy,
o s

The required k-map is as shown

in Fig. P. 3.8.1. EE @ A J
aBC AC

«-250) Fig. P. 3.8.1

Ex.3.8.2: The logical expression representing a logic circuit isY = 2m 0:4,2 5
K-map and find the minimized logical expression. : .
Soln. : From the given expression. it is clear that the number of variables is 4.

Pair2—ATD Y = m+m +m,+m,+m, +m,
AB P e o /c: cb The required k-map is as shown in Fig P 38
© e i .5 AT Minimized expression is
AB 00 | 4 R o s S
=AIIAR Y=ABD +ACD+ ABD
AB 01| o |iwf| o £
ol - Pair3: ABD Y Y —

AB 11| o | {1 Pair1 Pair2 Pair3

«c-2s1) Fig. P. 3.8.2

Ex. 3.8.3: For the logical expression given below draw the K-map and obtain the simplified 0gica
expression.

Y =Xm(1,57,9 11, 13, 15),
Realize the minimized exbression using the basic gates.
Soln. : The given expression is.
Y = m, +m5+m7+m9+m“ +m,+m,
It can be expressed on K-map as shown in Fig. P. 3.8.3(a).

e Quad1:CD
AB The simplified expression is
as follows
Quad2 BD
% 00 v=D0+0sm0 0
Quad Quad Quad
1
AB 01 2 3
Quad3 AD
AB 11 e
AB 10

(c-252) Fig, P. 3.8.3(a)
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—o Y, —o6 Y
LA |0 oY, L —o Y,
e Y
Demultiplexer | . 2 Data ) e
. P ! Outputs » input — | . Outputs
. a
" Enabe—|E : /
;—O YII 1 O riansensd ,.__.o Y” 1
Sm-1Sm-2 So : Select inputs
Select inpuls
(a) 1 : n demultiplexer (b) Equivalent circuit

(c-447) Fig, 4.12.1
s only one input. “n” outputs, and “m” select inputs.

“demultiplexer performs the reverse operation of a multiplexer i.c. it receives one input and
stributes it over several outputs.

\t a time only one output line is selected by the select lines and the input is routed to the selected
t line. .

nce a demultiplexer is equivalent to a single pole multiple way switch as shown in
4.12.1(b). The enable input will enable the demultiplexer. If the enable (E) input is not
ctive. then the demultiplexer does not work.

'{ge relation between the n output lines and m select lines is as follows :

n = 2m

Types of Demultiplexers :

- Similar to the multiplexers. the demultiplexers are classified as follows :
1 : 2 demultiplexer 2 1 : 4 demultiplexer

: 1 : 8 demultiplexer 4. 1 : 16 demultiplexer
2 2.3 12 Demultiplexer :

The block dlagram of 1 : 2 demultiplexer is shown in Fig 4.12.2. It has one data input D,,. one
~ select input S,,. one enable (E) input and two outputs Y, and Y.
- D, is connected to Y,, if S, = 0 and E = 1. Similarly D, is connected to Y, if ;= land E = 1.

If E = 0, then both the outputs will be 0 irrespective of the inputs, because the DEMUX is

The trllth table of the 1 ; 2 demultiplexer is as follows :
Table 4.12.1 : Truth table of demux 1 : 2

D ——a"g Enable | Select Outputsj
i P -
Demux L Yy | Yo
—o Y 0 - 0 | 9
Irasits] | 007 e
B.oo%o I DL B

(C-448) Fig. 4.12.2
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Realization of 1
Step1: To realize the 1
Table 4.12.2

RemE i we have to write the
) demultiplexer using e uth tap), ,
: L"".-,

Detail truth table of demux 1 : 2

Table 4.12.2 :
Enable WW Outpl;ﬁ_
E | D So | Mil Do
0 R X 0 0 :
g 010 } Yo 1sconnected to D,
1 .
1 i o [ o fd .
! 0 - 0 0 } Y, 1sconnected to D,
‘ , 2 follows.
; : . The k maps for the two outputs arc as
Step 2: Write the K maps D .
Output Y, Output Yy [N S,
Din So Din So
E\ 60 .01 11 {0 EN .60 1019510
ofo|o|ofo of o | o 0] 0 i ] <33\"'
1fo[o]|@)o R | 9--\;;-?«1; F__g
L - S ,
Y1=EDhSO Y0=EDlnSO I %
(c-419) Fig. 4.12.2(a) : K maps (c-450) Fig. 4.12.3:1:2 demux using gates

. Thus the expressions for Y, and Y, are as follows :

Y, = ED, S, and Y,=ED,§,
. The 1 : 2 demux using gates is shown in Fig 4.12.2.
4.12.4 1:4 Demultiplexer :

. The 1 : 4 demultiplexer is shown in Fig. 4.12.3 and its truth table is given in Table 4.12.3
Table 4.12.3 : Truth table for 1 : 4 demultiplexer

o Inputs Outputs
LE Din [S; | S, Y, Y, YZ Y;
i :
(18l oo [0 010 | 0] Yyis connected to D,
| L[58 0 [0 1588 ¢ 15 0 ]
110 ]o0 1
b 14 0 [S0N o O | | Y, is connected to D T
L o1 )0 B R \
u 1 | J : | 0 in 1 +q —— Ty
| ‘ | ; .
K 01019 O 1| Yis connected (o p E—f Dem -
|1 L9100 M il
1| 0 | V0o .
u e 1 T 8 (1) Yis connected oD, T T
[ — I 81 SO

(©4s1) Fig, 4.12.4 : Block diagram of 1 : 4 demultiplexe”

. D, is connected 0Y,when § So=00. it i \
190 = 00, it is connected (o Y, when $,§,= 01 and so on G

outputs will remain zerq,

-
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 The enable input neads to be high in order to enable the demux. If E = 0 then all the outputs will

~ be low irrespective of everything.
A 08pS The N-maps for the four outputs are shown in Fig. 4.12.5.
For outpat Y, For output Y,
For output Y, For output Y,
ASS e v 1% S S S1 S
01 1% ,
m 01 ED, 00 OV { 11 10 ED)\ 00 01 11 10 ED,\_00 01 11 10
9|00 jojojo]e wml o la o] o wfofo|o]|oO
0 )
ﬂlv 0}]0 1] © Q 0 o) 1l o olo @. 1] 0 0 [\I( 0
wllr\o 0|0 1fo[o\o |0 w0laolalolo 10f o [o |0\ o
.::qr’ \’Yo S1S°ED~ Y =§‘|SﬂED~ Y =3 §OED \-§Y3=S‘S°ED'n

¢4 Fig. 4.12.5 : K-maps for various outputs
mlemahon The I : 4 demux is implemented as shown in Fig. 4.12.6.

3 s

>

1 o
0?] 0—%
Dm
{Input) Yo
Yy
Quiputs
Y2

E
Enable

(453 Fig. 4.12.6 : 1:4 demultiplexer
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' 2
\\

Addition of two binary digits is most basic operation performed by the digital computers

4.21 Types of Binary Adders :

. In this section we are going to learn digital circuits which are used to “add” two “pjyy.-

numbers. The binary adders are of two types :
1.  Half adder and 2. Full adder

4.2.2 Half Adder:

. Half adder 1s a combinational logic circuit with two inputs and two outputs. It 1s the base
building block for addition of two “single™ bit numbers. This circuit has (wo outpuls naneh
“carry” and “sum’. The block diagram of half adder is as shown in Fig. 4.2.1(a).

. The half adder circuit is supposed to add two single bit binary numbers A and B. Therelore the

truth able of a hall adder is as shown in Fig. 4.2.1(b).

@ Scanned with OKEN Scanner



Inputs Outputs
A | B | Sum | Carry
i & 8 0 0 0 ()
A y s
o i o [t 0
Inputs : Outputs 0
B — Carry (C) l U I
| | 0 | _J
(a) Block diagram

. (b) Truth table
(€344 Fig, 4.2.1 : Half adder

naugh maps and simplified expressions for outputs :
K-maps for carry and sum outputs are as shown in Figs. 4.2.1(a) and (b),

'
B B
B B B
< 3
A A 0 1
- AB -~ S=AB+AB _
A0 0 @——- * A0 0 0 LrC=AB
]
: A 1| o | Q)t—asB
NN
(a) K - map for sum output (b) K - map for carry output

(c-345) Fig. 4.2.2
,  Boolean expressions for the sum (S) and carry (C) output are obtained from the K-maps as
follows :

AB+ AB=A®B } ..(4.2.1)
<. AB

The disadvantage of half adder is that addition of three bits is not possible to perform.
+  Hence the half adder circuit is as shown in Fig. 4.2.3.

e ! D—Sums=AeB=AB+AB
‘D—CarryC=A-B

: (c-346) Fig, 4.2.3 : Half adder circuit
Disadvantage of half adder :
* " The Pﬂnciple of adding two 2-bit numbers A and B is as shown in Fig. 4.2.4(a).

N wn
I

- LetNumberA = A A, and Number B = B, B,
Then the addition should take place as shown in Fig. 4.2.4(a).
* A half adder can add A(, and B,
Produce S, and C,. But the addition of A7 Ag 4=— Numbaer"A
RIEXUbils requires the addition of A, B, + B Boe Number B

~ #d C, The addition of three bits is not  + =TI} ORI o e 45sAa0 (gt Bal

- Possible o perform by using a hall S S
: - Hence we cannot use a half adder

347 Fig. 4.2.4() : Two bit binary addition
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tes :
alf adder using basic 9@ A 5
i es that, D D

Refer Equation 4.2.1) which stat
. 4
Sum S - AB+AB ‘T"“' l,
and CaryC = AB l D

. These equations are implemented using the b
basic gates as shown in Fig. 4.2.4(b). "-"D 1

Half adder using only NAND gates : o i

e Equation (4.2.1) states that,
_ AB+ ABand Carry, C=AB s Fig 4.2.4(b): Half adder using
4 : I Batey

" Ap

- Sum. S
parately, S = AB+ AB

e —

. Consider the expressions ¢

. Take double inversion to get, S = AB + AB

Using the DeMorgan'’s theorem. S = AB- AB ..(Using only NAND)

e  SimilardyC=AB= AB . (Using only NAND)

A B

D D

Carry C

(©-349) Fig, 4.2.4(c) : Half adder using only NAND gates

. uations (4.2. i :
ey EqF ; (4.2.2) and (4.2.3) are implemented using only NAND gates as shown in Fig. 4.2.40)
noe ull Adder :
MDU : May 07, New Syll. : May 11
. To overcome the drawback of H
Bt e dder circuit. a 3 single bit adder circuit called Full Adder®
. It can add two one-bit num!
bers A and B, and carry C,.. The full adder is a threc input and "’

output combinational circuif.

. The block diagram of a full adder is as shown i
in

Fig 4.2.300). Fig. 42:5(a) and its truth table is 8" "
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4-13 Combinational Design using MS| Devices
Inputy Outputs
ﬁ; héLJi.q' 346
& 0(0] o 0 0]
Ok 021 4 | 0
'\u\.i\p—kv_ —
Sum (s) 0 L 0 | 0
— R-——_F“
L bolcenlot 0 |
Carry (CO) ] 0 0 l 0
out R
*l_ Qieks AodhaOR liss 1
L L0, =0 I
L 52T estiely 1
. (b) Truth tab]
- (©-350) Fig. 4.2.5 ; Full adder : ;

| n written from the truth
ig. 4.2.5(b)
Q&tﬁut ‘ Expression for sum output
258 %c, 78, S = ABC,+ABC, + ABC, + ABC,
E00! 017 11 = Sabon =
= + + +
el 5 S Ci (AB+AB)+C, (AB AB)
- g : EX-NOR EX-OR
o « A, 5 st

§  ABC;, ABC;,

A 8 = C,(AB+AB )+C, (AB + AB)
4.2.6(a) : K-map for sum output

iy e Let X

AB + AB
N\ 00 01 117-" 10 R

C, X +CyX=C, ®X
S = C, ® (AB+ AB)

fee L 0D But AB + AB = A®B

e . §.5C,OAGB L(4.2.4)
%ﬂ | a5 Expression for carry output ¢
}(b) : K-map for carry output C.= AB+ AC. +BC +(4.2.5)

Equations (4.2 4) and (4.2.5) to draw the logic diagram of a full adder as shown in

(>
(
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ED 8= (AGB)®Cy,
_____,...—-—-——-;
3

. S
s & o
AG = A
in G AB*ACm*BJh
¢ Bcln
Cin

sz Fig 4.2.6(c) : Full adder circuit

424 Full Adder using Half Adder :

«  The full adder circuit can be constructed using two half adders as shown i, Fig. 4 5
detail circuit 1s shom\ m Flg 4 2 8

A S1 ﬁSst Output (s
HA.2

1
Gy, - 5
n .
WM G ' Carry output (¢

SO e

(C-354) an. 4.2.7: Full adder using half adders
. A full adder can be implemented using two half adders and an OR gate as show, i, Fig 4

Halt adder 1 Half adder - 2

s e ]
S

fAeB
—- EDL@B)C

(C-355)

R o

Fig. 4.2.8 : Full adder using two half adders

Proof :

Now let us prove that this circuit acts as a full adder.

Refer Fig. 4.2.8 and write the expression for sum output as.

S = (A@B)GDC ImASBOC

This expression is same as
that obtained for th b
e full adder. Thus the sum output has
successfully implemented by the circuit shown in Fig 4238. -

Now write the e\pressmn for carry output C_ as,
= (A®B) C,+ AB

Co = (AB+AB)C. + AR - ABC, + ABC, + AB
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possible combinations of input are

Table 4.2.1 : Truth table for half subtractor

Inputs Outputs

A | B | Difference D (A-B) A Borrow B,
0|0 0 0
Q. I 1 !
1|0 1 o -}
1|3 0 o |

(3 Scanned with OKEN Scanner
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fference and borrow outputs

K-maps for di

The K-ma
For D output

AB

(a) K-map and simplification for

difference output

(C-356)

- Difference D=AB + AB= A®B
Logic diagram :

4-16

ps for the two outputs of @ half su

Combinational Design s
9 Mg

btractor are as shown in Fig 4 7

For B output
B =
A 0 %i1/ AB
ol o d
11 O 0

(b) K-map and simplificatiop
for the borrow output

Fig. 4.2.9

.. Borrow B_ = AB

The logic diagram using these two Boolean expressions is as shown in Fig 42 9(¢,

Disadvantage of the half subtractor :

Half subtractor can only perform

subtraction of two binary bits. But while performing

the subtraction. it does not take into account
borrow of the lower significant stage.

Half subtractor using basic gates :

The expressions for the difference
and borrow outputs are

AB+A§ and B, =

D = AB
The half subtractor using basic gates is as shown
in Fig 4.2 10.

Half subtractor using NAND gates :

B The expression for difference output is,

D = AB + AB

D AB + AB .. Double inversion

A—4
B

i } Borrow = A3

c-3s7) Fig 4.2.9(c) : Half subtractor circyit

the

the

A

el

I yE

......

(©358) Fig, 4.2.10 : Half subtractor using basic 21¢

-
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4-17 Combinational Design using MS! Devices

.(42,6) - D)

..(4.2.7 09[
- (426) and (4.2.7) can be

4 as shown in Fig. 4.2.11. D4 -

(€359 Fig. 4.2.11 : Half subtractor using NAND gates

A AP

‘i

ibtractor :

MDU : May 05, May 07
antage of a half subtractor is overcome if we use the full subtractor
ptractor is a combinational circuit with three inputs A, B and B,, and two outputs D

» minuend. B is subtrahend. B, is the borrow produced by the

_ previous stage. D is the
ce output and By is the borrow output.

ith table for full subtractor is shown in Table 4.2 2.
: Table 4.2.2 : Truth table for a full subtractor

A Inputs Outputs
*”J’Ak B B, (A-B-B,) | B,
Minuend) | (Subtrahend) | Previous borrow
0 0 0 0 0 |
0 0 1 1 lﬁi
0 1 0 1 l
0 T3 [L 0 1
1 04 9‘ 1 0
) 0 ‘ | 0 0
| | 0 0 0
i I | | 1

difference outpat For borrow output
ABB, + ABB, + ABB, + ABB, - B,=AB,+AB +BB,
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—Group 3 : B
n

(b) K-map for B
K-map for D 0
v (3o Fig 4.2.12

Simplification for difference output :

= AB ‘ +-BB_ +Aéé> b
From Fig. 4.2.12(a). - & A B’_3m_ e BB, +ABB,
= B, (AB+AB)+B, (AB + AB)
e —
EX-NOR EX-OR
. D=B,(A®B)+B, (A®B)
Lt A®B=C, ') - B C+B C=B, 0C
. D = B,6A®B ' 42
Simplification for borrow output :
From Fig. 4.2_. 12(b). A B B,
B,= AB,+AB+BB,  ..(429) ,
No further simplification is possible. ?

"——\,D —D=A®BoB,

K Bin

Logic diagram for full subtractor :

Logic diagram for the full

subtractor is shown in Fig. 4.2,13. This DKB §> 0B <AB +AB+8E

has been drawn by using the Boolean

: BB,
equations of (4.2.8) and (4.2.9), ;

c-361) Fig, 4.2,13 : Logic diagram for a full subtractor
4.2.9 Full Subtractor using Half Subtractors : m

¢ Fig 4.2.14 shows the implementation of a full subtractor using two half subtractors and an OR
gate.

-
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